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Abstract

“Optimal Nonlinear Taxes for Families”

The problem faced by a taxation authority choosing a tax schedule for families is mod-
eled as a multi–dimensional screening problem. A description of the possible constrained
Pareto-efficient mechanisms is given. The implications of a standard redistributive as-
sumption on the sign of marginal tax rates is explored. In contrast to unidimensional
taxation models, the redistributive assumption does not imply that marginal tax rates are
everywhere non-negative. The qualitative features of optimal tax schedules are discussed.
It is concluded that taxation based solely on total family income is rarely optimal.

Journal of Economic Literature classification numbers: D10, D82, H21, H31
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1. Introduction

Ever since the work of Mirrlees (1971) it has been recognized that the design of income
tax policy must take into account the asymmetry of information between agents and
the government. When agents have private information about their characteristics upon
which a taxation authority wishes to base its taxes, they may have an incentive to misre-
port these characteristics to the planner. The planner must design the taxation scheme
to prevent this sort of misrepresentation. It is customary in the literature to assume that
the hidden differences among agents can be summarized by a single parameter.2 This
assumption has been questioned as a complete description of individuals. It seems even
more dubious when decision making units are comprised of more than one individual.

An example of a planner designing optimal policies for heterogeneous groups is the
problem of family income taxation. Within a family, individuals may differ in labor
productivity or they may have unequal say in family decisions. These differences influence
labor supply behavior, which, in turn, has consequences for the design of a tax system.
In this study, I trace the effects of family interactions on optimal tax schedules, paying
particular attention to the role played by diversity within the family.

Some classic questions of public finance can be addressed by considering the nonlinear
tax problem for families. For instance, the analysis of this problem can contribute to the
debate over whether the base for income taxation ought to be family income or individual
income. Indeed, the issue of whether all members of the same family should be taxed at
the same rate is one of the central questions of this study. I show that taxing distinct
members of a family at the same rate is not always optimal. This can also be viewed as
a contribution to the debate over the desirability of a uniform flat tax.

I consider an economy inhabited by two–person families. Attention is restricted to
the case of workers of two productivity types. This results in four possible family com-
positions. Each family member has preferences over leisure and a consumption good.
Families are assumed to act so as to maximize a weighted sum of their members’ util-
ities. The weights are assumed to be independent of incomes. In this way, the family
decision process can be described by a single parameter. This parameter is known to the
government.

The planner designs a tax schedule for these families. Families are then free to real-
locate their after–tax incomes to maximize their objectives. Because decisions are made
at the family level, self selection constraints are formulated in such a way that families
have no incentive to misreport the types of their members. That is, families are viewed
as decision making units that differ along two dimensions, namely the productivities of
their members. Under the maintained hypothesis that there exists a family social welfare

2Guesnerie and Seade (1982) provide a characterization of optimal tax schedules for a
finite economy under this assumption. Weymark (1986a,b, 1987) shows how the problem
can be decomposed into simpler subproblems when preferences are quasi–linear, and
provides a more detailed description of optimal tax schedules.
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function, there is no loss of generality in considering tax schedules that specify the total
tax liability for a family as a function of the pair of before–tax incomes of its members.
Hence, the model economy studied here has three goods in it. This contrasts with the
work of Guesnerie and Seade (1982), who consider nonlinear taxation in a two–good
economy.

Because there are three goods in the economy, family indifference surfaces are two
dimensional. Thus, if the indifference surfaces of distinct families cross, their intersection
usually occurs along a curve. In particular, it is unreasonable to expect a standard single–
crossing property, such as the one posited by Guesnerie and Seade (1982, Assumption
B, p.168) to hold. Nevertheless, the family objectives specified in this analysis posses
some special geometric properties. When two families differ along exactly one dimension,
certain projections of their indifference surfaces satisfy a single crossing property. More-
over, the indifference surfaces of any pair of such families intersect along a line parallel
to one of the coordinate axes. I demonstrate that these two features of preferences have
implications for the structure of optimal tax schedules.

A minimal amount of structure is placed on the objectives of the taxation authority.
Only Pareto efficiency with respect to family objectives and a standard redistributive as-
sumption are posited. Family objectives are assumed to be additively separable, but not
quasi–linear. Even with this minimal amount of structure, it can be shown that individ-
uals in the same family may face different marginal tax rates, so that using total family
income as a tax base is not optimal. It is also shown that the redistributive assumption
is not strong enough to rule out negative marginal tax rates for some individuals.

The formal analysis is an example of mechanism design with two dimensional uncer-
tainty, which has many formal similarities to the work of Armstrong and Rochet (1999).3

They consider an abstract screening problem with discrete types that differ along two
dimensions. They characterize all the possible optimal mechanisms for the case of pref-
erences that are quasi–linear in consumption. Mechanisms with the qualitative features
they describe are possible in the present context. They interpret their results in the con-
texts of nonlinear pricing by a monopolist and regulation problems. Given the relatively
unstructured environment considered here, some additional possibilities arise. Drawing
attention to these possibilities demonstrates the strength of their quasi–linearity assump-
tion.

Like nonlinear pricing and regulation problems, the taxation problem can be described
as a choice among alternatives that satisfy self–selection criteria. However, nonlinear tax-
ation problems are more than a mere reinterpretation of pricing and regulation problems.
There is a natural group of consumers whom a monopolist wishes to identify and extract
surplus from, those who have a greater taste for its product. Likewise, a regulator typ-
ically leaves information rents to regulated firms with low production costs. A priori,

3Among the contributions to multi–dimensional income tax problems in the continu-
ous case are Mirrlees (1976) and Seade (1979). Wilson (1993) and Basov (2005) provide
overviews of multi–dimensional screening problems in continuous type spaces.
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there is no group of workers that a planner wishes to tax more heavily than others. It
is common to assume that the planner wishes to redistribute income from more able
workers to less able workers. Nevertheless, it is important to recognize that such an
assumption is a value judgment. Moreover, nonlinear pricing and regulation problems
are usually presented in a partial equilibrium context, with the amount of total surplus
extracted by the monopolist constrained by the voluntary participation of consumers. An
economy–wide materials balance constraint limits the scope of the taxation authority.

Another important distinction between optimal taxation problems and monopoly pric-
ing models is that the objective function of the taxation authority is usually assumed
to be increasing in the welfare of each agent, whereas monopolists are modeled as be-
ing concerned about profits rather than the welfare of their customers.4 As Brito et al.
(1990) have shown, many qualitative features of optimal nonlinear tax schedules follow
directly from the planner giving positive consideration to the utility of every agent. Their
analysis is not restricted to the two good world, nor to the case of agents who differ in
only one characteristic. Indeed, they do not use any parameterization of the differences
among agents to derive their results. By exploiting the special structure of the family
objectives in the present model, I can make some statements about the tax rates faced
by specific families. These kinds of statements cannot be derived in the more general
framework of Brito et al..

The remainder of the paper is organized as follows. Section 2 gives an outline of
the economy. The implications of the self–selection constraints are presented in Sec-
tion 3. Section 4 summarizes the implications of the Pareto–efficiency assumption. The
consequences of adding the redistributive assumption are outlined in Section 5. Con-
cluding remarks are found in Section 6. Technical lemmas and proofs are collected in an
Appendix.

2. The Model

Individuals in the economy are assumed to differ according to their productivity. Specif-
ically, there are two types of individuals, indexed by wL and wH with wL < wH . This
index corresponds to the efficiency units of labor per unit of labor time supplied by the
individual. I assume constant returns to scale in the production sector and a perfectly
competitive labor market so that the before–tax income of an individual is given by
yi := wili, where li is the labor supplied by person i. There is a single consumption good,
c. Individuals have preferences over the consumption good and labor supply given by

ui(ci, li) := U(ci)− h(li). (1)

The function U(·) is assumed to be continuously differentiable, increasing, and strictly
concave. It is also assumed that U ′(c) tends to positive infinity as c tends to zero. The

4Regulation design problems, like the one considered by Dana (1993), feature a plan-
ner with an objective function that takes both consumers’ and producers’ surplus into
account.
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function h(·) is assumed to be continuously differentiable, increasing, and strictly convex.
Families consist of two individuals. There are four types of families: LL, HL, HH,

and LH. Let F denote the set of families. Family decisions are assumed to be consistent
with the maximization of a weighted utilitarian household social welfare function

W (u1, u2) := u1 + γu2, γ > 0. (2)

W (·) is not a symmetric function, so that a family of type HL is not identical to one of
type LH. Let x1and x2 denote the after–tax incomes of the two individuals in the family
and let x := x1 + x2. Then consumption decisions for a typical household arise as the
solution to

max
c1,c2

[
U(c1)− h

( y1

w1

)]
+ γ

[
U(c2)− h

( y2

w2

)]
subject to c1 + c2 ≤ x1 + x2. (P)

I now turn to a description of the important features of the solutions to (P).5

Proposition 1. Let ĉ1(x1, x2) and ĉ2(x1, x2) be the solution functions for (P). Then

ĉ1(x1, x2) = c̃1(x); ĉ2(x1, x2) = c̃2(x). (3)

Condition (3) states that for a given total family after–tax income, the allocation of
consumption within the family does not depend on the identity of the family member who
receives the income. This is know as the income pooling condition on family behavior. It
holds when families maximize any Bergson–Samuelson social welfare function, not just
for the additive form specified here. Its major implication for this study is the reduction
of the number of planner’s choice variables per family from four to three. Because the
choice variables are consumption levels, the formulation of (P) may lead one to believe
that the family is not making any labor supply decisions. This suspicion is untrue.
The problem (P) describes how after–tax income is allocated between family members.
Labor supply choices are modeled as the choice from the tax menu offered by the planner.
Families take the division of consumption and its effects on family welfare into account
when choosing how much to work.

Using (3), it is possible to define the function

V (x) := U(c̃1(x)) + γU(c̃2(x)), (4)

the component of family welfare owing to after–tax income. With this notation, I can
now state some further properties of solutions to the problem (P).

Proposition 2. Let c̃1(·) and c̃2(·) be as defined in Proposition 1. Then V (·) is increasing
and strictly concave.

5Throughout this analysis it is assumed that non–negativity conditions (which are
not stated explicitly) are satisfied.
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The function V (·) is the sum of concave transformations of the optimal consumption
choices. While the choice functions need not be concave, they are not so convex as to
lead to a violation of strict concavity of V (·).

In what follows I need to consider the value function for (P), which depends on the
before–tax incomes of the family members and on joint family after–tax income. Denote
the value function for a family of type i by W i. Then

W i(xi, yi
1, y

i
2) = V (xi)− h

( yi
1

wi
1

)
− γh

( yi
2

wi
2

)
. (5)

I take the consumption good as numeraire and assume that the producer price of
effective labor is one. Let πi be the proportion of families of type i in the population.
Then the materials balance constraint for the economy can be written as∑

i

πixi ≤
∑

i

πiyi
1 +

∑
i

πiyi
2. (F)

The lack of complete information prohibits the use of optimal lump–sum taxation.
Instead, the planner must design an allocation of goods that satisfies the self–selection
conditions

W i(xi, yi
1, y

i
2) ≥ W i(xj, yj

1, y
j
2), ∀i 6= j. (SS)

That is, each family must (weakly) prefer the bundle of goods designed for it to the
bundle intended for any other family. The relations (SS) represent the natural incentive–
compatibility constraints in this environment, as decisions are made by families.

It follows from the taxation principle (Guesnerie (1981)) that the problem of designing
a tax schedule for these families is equivalent to offering a menu of alternatives satisfying
(SS). Because of income pooling, there is no loss of generality in considering tax functions
that specify the total tax liability of a family for a given ordered pair of before–tax
incomes. For fixed before–tax incomes it is merely a transformation of variables to
consider total family after–tax income rather than total tax liability as the decision
variable of the taxation authority. Such a tax schedule must be anonymous in that
each family faces the same budget set. It need not be anonymous at the individual level,
because the tax paid by one member of a family may depend on the choices of her partner.
Clearly, when families choose labor–consumption bundles to maximize their welfare from
an anonymous tax schedule the outcomes satisfy (SS).

Furthermore, it has been shown by Guesnerie (1981) that for any allocation that
satisfies (SS) and (F) a tax schedule can be constructed that induces the families to choose
that allocation. The tax schedule constructed by Guesnerie requires the possibility of
offering an infinitely negative amount of after–tax income to a family with before–tax
incomes other than those that arise from a truth–telling game. When negative after–tax
incomes are infeasible (as they are assumed to be here), these punishment allocations
cannot be used. In the current model, it is possible to support any allocation which
satisfies (SS) and (F) with a tax schedule that does not require negative consumption.
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To see this, take an allocation that satisfies (SS) and (F). Let S denote the set of family
bundles in that allocation. Define the sets

L := {(y1, y2)|(y1, y2, x) ∈ S}; χ(y1, y2) := {x|(y1, y2, x) ∈ S}. (6)

For any ordered pair (y1, y2), χ(y1, y2) is a singleton, so with a slight misuse of notation, I
consider χ(·) to be a function from L into R+. Now, construct a tax function T : R2

+ → R
by

T (y1, y2) :=

y1 + y2 − χ(y1, y2), if (y1, y2) ∈ L;

y1 + y2, if (y1, y2) /∈ L.
(7)

Given the tax function T (·), the budget set faced by each family is

B := S ∪ {(y1, y2, 0)|(y1, y2) /∈ L}. (8)

Given that U ′(c) tends to positive infinity as c tends to zero, family indifference surfaces
do not cross the (y1, y2)–plane. Thus, families choose only the bundles from B that are
contained in S. Moreover, because the bundles in S satisfy (SS), each family chooses the
bundle intended for it in the allocation (SS). Hence, the resulting choices from the tax
schedule also satisfy (F).

The planner seeks to maximize a social objective. There are two possible sets of
arguments for a welfare–based objective: individual utilities and family welfare levels.
The former is more closely related to the standard value judgments of individualism
and welfarism. However, the arguments of the planner’s objective function then fail to
coincide with the criterion functions of the agents (here, families) in the economy. Hence,
the formal analysis of this case would be closely related to the work on income taxation
with non–welfarist objectives (Seade (1980); Kanbur et al. (1994)). Using family welfare
levels as the arguments of a planner’s objective arises inevitably from treating a family as
a homogeneous unit, or can be interpreted as the planner respecting the ethics embodied
in the family social welfare function. The resulting analysis is formally related to work
on optimal nonlinear policies in environments of two–dimensional uncertainty. (Dana
(1993); Rochet (1995); Armstrong (1996); Armstrong and Rochet (1999)).

In order to place this paper in the more familiar context of multi–dimensional screen-
ing, I choose to take the family as the basic unit of welfare analysis. Specifically, I analyze
the solutions to the problem

max
y1,y2,x

Z(WLL, WHL, WHH , WLH) subject to (SS) and (F), (PF)

where x := (xLL, xHL, xHH , xLH), and yi := (yLL
i , yHL

i , yHH
i , yLH

i ), i = 1, 2. The function
Z(·) is assumed to be increasing, continuously differentiable and concave.6

6The problem (PF) may also be interpreted as a the problem faced by a planner who
wishes to design a tax scheme for individuals with multiple characteristics and preferences
represented by (5).
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3. Self–Selection

The structure of family objectives, summarized by (5), influences the nature of the self–
selection constraints. I now turn to an elucidation of the important features of family
objectives and the implications these features have for allocations that satisfy the con-
straints (SS).

Consider, first, the marginal rates of substitution between before–tax incomes and
after–tax income, given by

MRSi
y1,x :=

h′(
yi
1

wi
1
)

wi
1V

′(xi)
, MRSi

y2,x =
γh′(

yi
2

wi
2
)

wi
2V

′(xi)
. (9)

It is clear from (9) that any differences among the marginal rates of substitution of
different families arise from the structure of the function h(·). Two important properties
of h(·) follow from its convexity. First, holding y1 (resp. y2) constant, preferences in
(y2, x)–space (resp. (y1, x)–space) satisfy the single–crossing property. Projections of
indifference surfaces onto (y2, x)–space, say, are flatter for families with a person of higher
ability in position 2. It is natural to expect such a property to hold, as individuals of low
type must give up more leisure time than their high–type counterparts to gain an equal
amount of before–tax income. Hence, families with low–type individuals would require
more additional consumption to compensate them for increases in before–tax income.
Moreover, viewed as a function of y and w, h(·) has decreasing–differences in y. It is
important to note that no such property holds for W (·).7

A standard feature of optimal income tax models is that more able individuals receive
both a higher before–tax and a higher after–tax income (Weymark (1986b)). One would
not expect this result to obtain in the present context given that the notion of a more
able family is not immediate. At least, the immediate concept of a more able family does
not completely order the families. It is, however, possible to define a partial ordering on
the set of families in a natural way.

Definition 1. The relation ≥F on F , the set of families, is defined by: i ≥F j if and only
if wi

1 ≥ wj
1 and wi

2 ≥ wj
2. The relation >F is defined to be the asymmetric component of

≥F .

The relation ≥F orders all families but the pair (HL,LH).
The self–selection constraints place some structure on the pattern of before–tax in-

comes, especially for those families that can be compared using the partial order ≥F .
This is the content of the next two propositions.

Proposition 3. Any allocation that satisfies (SS) also satisfies:

(i) yHH
1 ≥ yLH

1 . Moreover, if yHH
2 > yLH

2 , then xHH > xLH and if yHH
2 = yLH

2 , then
xHH ≥ xLH (with equality if and only if yHH

1 = yLH
1 ).

7These properties are stated formally as Lemmas A.1 and A.2 in the Appendix.
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(ii) yHL
1 ≥ yLL

1 . Moreover, if yHL
2 > yLL

2 , then xHL > xLL and if yHL
2 = yLL

2 , then
xHL ≥ xLL (with equality if and only if yHL

1 = yLL
1 ).

(iii) yHH
2 ≥ yHL

2 . Moreover, if yHH
1 > yHL

1 , then xHH > xHL and if yHH
1 = yHL

1 , then
xHH ≥ xHL (with equality if and only if yHH

2 = yHL
2 ).

(iv) yLH
2 ≥ yLL

2 . Moreover, if yLH
2 > yLL

2 , then xLH > xLL and if yLH
2 = yLL

2 , then
xLH ≥ xLL (with equality if and only if yLH

2 = yLL
2 ).

Proposition 3 states that given an equally productive partner, a person of high pro-
ductivity will earn at least as much before–tax income as a low–productivity person.
Abstracting from differences among individuals 2 (by, say, considering an economy pop-
ulated entirely by families of types HH and LH) produces a three–good economy with
one–dimensional uncertainty. Proposition 3 states that self–selection imposes a mono-
tonicity property on the allocation of y1, the good over which agents differ in a way that is
unknown to the planner. Such worlds have been studied in an environmental regulation
context by van Egteren (1996). He reports that self–selection requires a monotonicity
property on pollution control standards, the cost of which is the only source of private
information in his model.

When families differ in more than one dimension, the implications of self–selection
are more complex.

Proposition 4. Let (SS) hold. Then

(i) yHH
1 < yLL

1 implies yHH
2 > yLL

2 . Moreover, yHH
1 = yLL

1 implies either: a) yHH
2 > yLL

2

and xHH > xLL, or b) yHH
2 = yLL

2 and xHH = xLL. Furthermore, yHH
1 > yLL

1 and
yHH

2 ≥ yLL
2 implies xHH > xLL.

(ii) yHH
2 < yLL

2 implies yHH
1 > yLL

1 . Moreover, yHH
2 = yLL

2 implies either: a) yHH
1 > yLL

1

and xHH > xLL, or b) yHH
1 = yLL

1 and xHH = xLL. Furthermore, yHH
2 > yLL

2 and
yHH

1 ≥ yLL
1 implies xHH > xLL.

(iii) yHL
1 < yLH

1 implies yLH
2 > yHL

2 and xLH > xHL. Moreover, yHL
1 = yLH

1 implies
either: a) yLH

2 > yHL
2 and xLH > xHL, or b) yLH

2 = yHL
2 and xLH = xHL.

(iv) yLH
2 < yHL

2 implies yHL
1 > yLH

1 and xHL > xLH . Moreover, yLH
2 = yHL

2 implies
either: a) yHL

1 > yLH
1 and xHL > xLH , or b) yHL

1 = yLH
1 and xHL = xLH .

Parts (i) and (ii) of Proposition 4 are consistent with a general notion of more produc-
tive individuals receiving a higher before–tax income, as at least one member of family
HH must earn more before–tax income than the corresponding member of family LL.
The only exception to this tendency occurs when families HH and LL receive exactly the
same bundle.

Some high–productivity individuals may earn less than corresponding low–productivity
individuals at an allocation consistent with self–selection. For example, if ȳLL

2 < ȳHH
2 ,
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then self–selection requires that family HH enjoy more utility from the combination after–
tax income and labor supply for its person 1 than it would under the allocation designed
form family LL. This additional utility must be due to extra after-tax income or less
work for person 1.

Parts (iii) and (iv) of Proposition 4 indicate that there are cases for which the self–
selection constraints place restrictions on the ordering of the after–tax incomes of families
LH and HL. There is, however, a caveat to this apparently strong result about after–
tax incomes. The conditions under which this ordering is available appear to be rather
strong. For instance, when yLH

2 is less than yHL
2 , it is the case that an individual of lower

ability is earning more than a high–ability individual.
The indeterminacy of the ordering of after–tax incomes at this stage of the analysis is

perhaps the most important obstacle to overcome in characterizing the optimal solution.
It is also one of the most important distinctions between multi–dimensional optimal
tax mechanisms and their single–dimensional counterparts. This indeterminacy is not
the direct result of the two–dimensional uncertainty faced by the planner. Rather, as
Proposition 3 illustrates, it results from the multiplicity of instruments. Nevertheless,
when hidden information can be summarized by a one–dimensional characteristic, the use
of multiple instruments leads to solutions that bear striking resemblance to the standard
unidimensional problem with two goods as long as sufficient structure is imposed to
ensure that agents of higher type receive more of all goods.8

4. Properties of Optimal Tax Schedules

The results of the previous section followed directly from the self–selection constraints.
In particular, none of the analysis relied on the assumption that the planner seeks to
maximize a social objective function. In this section I incorporate optimizing behavior
on the part of the taxation authority into the analysis to derive some additional properties
of solutions to the problem (PF). The first of these is standard in optimal income tax
theory.

Proposition 5. At any solution to (PF), the constraint (F) binds with positive multiplier.

Proposition 5 can be interpreted as stating that any surplus output can always be
distributed among the families in such a way that self–selection constraints are not vio-
lated.

Although simple, Proposition 5 is an important building block for further analysis
of the problem. In particular, it allows us to conclude that if, starting from an initial
allocation, a change can be made that slackens the resource constraint, does not violate

8This property is known as attribute ordering (Matthews and Moore (1987)). Besley
and Coate (1995) provide a model in which a monotonicity property different from, but
in the same spirit as, attribute ordering is sufficient to render their income maintenance
design problem well–behaved.
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the self–selection constraints and makes no family worse off, then the initial allocation is
not a solution to (PF). This is exactly the type of reasoning behind the next proposition.

Proposition 6. Suppose that at a solution to (PF), W i(xi, yi
1, y

i
2) = W i(xj, yj

1, y
j
2) for a

pair of families i, j. Then

yi
1 + yi

2 − xi ≥ yj
1 + yj

2 − xj. (10)

Proposition 6 is the restatement of a result of Brito et al. (1990, Proposition 1, p.66)
in the current context. One would expect this result to hold here, for it states simply
that a family never wishes to mimic a family that has a higher total tax bill than it-
self. In particular, the statement of Proposition 6 contains no reference to the labeling
of families adopted in this analysis. It is well–known that, in the two–good model with
unidimensional differences among agents, the pattern of binding self–selection constraints
determines the qualitative features of optimal marginal tax rates (Röell (1985)). Propo-
sition 6 tells us that the pattern of binding self–selection constraints can also be used to
make statements concerning total tax liabilities.

When discussing the relationship between the self–selection constraints and tax func-
tions, I considered a wide class of tax functions. In particular, the tax functions were
allowed to be non–differentiable. At kinks in the tax schedule, it is impossible to define
marginal tax rates as (partial) derivatives of the tax function. It is possible, however, to
define implicit marginal tax rates at any allocation by:

ti1 := 1−MRSi
y1,x = 1−

h′(
yi
1

wi
1
)

wi
1V

′(xi)
, ti2 := 1−MRSi

y2,x = 1−
γh′(

yi
2

wi
2
)

wi
2V

′(xi)
. (11)

It is clear from their definitions that implicit marginal tax rates are positive when the
marginal rate of substitution between labor and consumption is less than one. Marginal
wage subsidies (negative marginal tax rates) correspond to marginal rates of substitution
in excess of one.

Marginal tax rates serve as an important summary statistic of the distortions arising
from the planner’s lack of information. In the current context, the following proposition
demonstrates how the sign of marginal tax rates depends on the pattern of binding self–
selection constraints.

Proposition 7.

(i) For any family i and any family member k, if wi
k = wL, then k faces a non–negative

marginal tax rate tik. Furthermore, tik > 0 if and only if there is a family j with
wj

k = wH and the j–i self–selection constraint binds with a positive multiplier.

(ii) For any family i and any family member k, if wi
k = wH , then k faces a non–positive

marginal tax rate tik. Furthermore, tik < 0 if and only if there is a family j with
wj

k = wL and the j–i self–selection constraint binds with a positive multiplier.
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It follows directly from Proposition 7 that if, for all j, the j–i self–selection constraint
does not bind at a solution to (PF), then both members of family i face a zero marginal tax
rate. This is a direct analogue of a result due to Guesnerie and Seade (1982, Proposition
2, p.164), which states that if there an individual with a bundle that all other individuals
view as strictly inferior to their own, then that individual faces a zero marginal tax rate.
However, Proposition 7 is more than a restatement of the result of Guesnerie and Seade in
the current context. It says: no distortions are introduced on the labor supply behavior
of individual 1, say, when a self–selection constraint binds between families with identical
persons 1. Because two such families view trade–offs between y1 and x identically, any
such trade–offs can be made without violating the self–selection constraints involving
these two families. Were it not for the presence of other families, the planner could vary
the allocations of y1 and x for these two families until an undistorted bundle is achieved.

Proposition 7 speaks to the debate over the choice of tax base. In particular, it
suggests that a tax based solely on total family income will fail to be optimal in many
circumstances. Notice that the implied marginal tax rates for the individuals in family
HL are, in general, different. Indeed, these rates can coincide only if both are zero.
The person of lower productivity faces a higher marginal tax rate at the optimum. An
analogous result holds for family LH. It seems reasonable that the planner might want
to apply different tax rates within a family, given that total production in the economy
is determined by how much individuals decide to work. Like one–dimensional taxation
models, the choice of marginal tax rates for higher ability individuals is dominated by
efficiency considerations. The planner wishes to extract effort from these individuals,
since they are the ones whose work effort provides the most output. By using different
marginal tax rates within the household, the planner is able to identify which of the
two individuals in a mixed household is the one with higher productivity, enabling it to
provide sufficient incentives for that individual to provide work effort. If the planner is
forced to use a flat tax, then its power to identify high–productivity individuals is limited.

Proposition 7 has an important corollary.

Proposition 8. No two families of different type receive the same allocation at a solution
to (PF).

Phrased in the language of screening models, there is no bunching at the optimum.
Proposition 8 is an analogue to the no pooling result of Stiglitz (1982) for economies
with two types of consumers. It shows that it is not the existence of only two types of
consumers per se that is important in deriving the no–pooling result. As long as there
are only two families along each dimension of uncertainty there must be separation at
the optimum.9

Further progress in understanding the solutions to (PF) requires that something be
said about the pattern of binding self–selection constraints at the optimum. One can

9The argument establishing Proposition ?? relies on the implicit assumption that all
individuals receive a positive before–tax income at the solution to (PF).
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expect this pattern to be influenced by the form of the social objective function Z(·).
The question arises: Can some patterns may be ruled out at any solution? I now turn
to the task of answering this question.

In order to make some of the discussion easier, I adopt some terminology of Wilson
(1993).

Definition 2. Family i attracts family j if the j–i self–selection constraint is binding.

Proposition 9. At a solution to (PF), any pair of families i and j, except possibly
the pair (HH,LL), are mutually attracted to each other only if they receive the same
allocation.

The one–dimensional analogue to Proposition 9 is an immediate consequence of the
usual single–crossing property, and holds for all allocations. In the present context indif-
ference surfaces intersect at more than one point. Hence, it is important to emphasize
that the conclusion of Proposition 9 holds at the optimum. The exclusion of the pair
(HH,LL) at this point is due to the fact that there is insufficient structure on the gen-
eral form of (PF) to ensure that the solution is attribute ordered (Matthews and Moore
(1987)). In particular, one cannot conclude that both members of family HH receive
more before–tax income than the corresponding members of family LL.

Proposition 9 is closely related to a result of Brito et al. (1990, Proposition 2, p.67).
They show that when there are cycles of self–selection constraints, the planner can do
no worse by pooling the agents involved in the cycle. The additional structure of this
model allows this conclusion to be strengthened for most pairs of families to say that the
planner can always do better by pooling. However, in view of Proposition 8, the planner
can do better still. This statement is formalized in the next proposition.

Proposition 10. No pair of families is mutually attracted at a solution to (PF).

For all pairs save (HH,LL) Proposition 10 follows directly from Propositions 8 and 9.
For the pair (HH,LL) the proposition follows from Proposition 8 and the aforementioned
result of Brito et al. Indeed, Proposition 10 is a special case of a more general result,
itself a direct consequence of Proposition 8 and the work of Brito et al. In order to state
this result, I need the following definition.

Definition 3. A self selection cycle is said to exist when there is a set of families
{i1, . . . , in} such that family i1 attracts family in and for all k < n, family ik+1 attracts
family ik.

Proposition 11. There are no self–selection cycles at a solution to (PF).

Another standard feature of optimal nonlinear tax schedules is the existence of an
agent who faces no distortions. In one–dimensional models with single–crossing and two
goods, this is often the agent of highest ability, and, for some continuous models, the
agent of lowest ability as well (Seade (1977)). A version of this result also holds in the
present context.
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Proposition 12. For any family i, if

yi
1 + yi

2 − xi ≥ yj
1 + yj

2 − xj, for all j 6= i, (12)

then family i faces no marginal distortions at a solution to (PF).

It follows from Proposition 12 that there is a family whose allocation is not subject
to marginal distortions. Moreover, it identifies undistorted families: those that pay the
highest taxes. This is exactly the finding of Brito et al. (1990). Of course, a family that
faces no marginal distortions is not pooled with any other family, just as was found by
Guesnerie and Seade (1982).

At this point, it is useful to define two classes of constraints.

Definition 4. The HH–LL and LL–HH self–selection constraints are called diagonal.
The HL–LH and LH–HL self–selection constraints are called transverse.

Proposition 13. At a solution to (PF), it cannot be the case that a diagonal constraint
and a transverse constraint bind simultaneously.

Proposition 13 greatly simplifies the search for solutions to (PF). Moreover, it shows
that it is not by coincidence that no solutions discovered by Dana (1993), Rochet (1995),
and Armstrong and Rochet (1999) feature a binding diagonal constraint and a binding
transverse constraint. Note that quasi–linearity (which is assumed in these earlier studies)
is not needed to generate this result.

5. Redistributive Taxation

The requirement of Pareto–efficiency has yielded quite a bit of information about the
properties of optimal tax schedules. Further progress in characterizing the solutions to
the problem (PF) requires that some structure be placed on the objectives of the planner.
There are two ways to provide this structure. One is to posit a form for the objective
function of the planner, say a weighted sum of family objectives. The other method
involves making a redistributive assumption. It is usual in the literature to assume that,
when incentive effects are ignored, the planner wishes to transfer consumption from the
more able to the less able (Guesnerie and Seade (1982); Chambers (1989)). In the spirit
of this literature I employ the following redistributive assumption.

Assumption 1 (Redistribution). Suppose that i >F j for a pair of families (i, j).
Then there exists some sufficiently small ε > 0 such that, at the optimum, it is socially
desirable to transfer ε units of after–tax income from family i to family j if the constraints
(SS) are ignored.

Assumption 1 is not equivalent, in general, to a desire to increase the welfare of
families with less able individuals (Dixit and Seade (1979)). It is also important to
note that Assumption R places no restriction on how the planner views the consumption
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of family HL vis–a–vis the consumption of family LH. Despite this, Assumption 1 has
implications for the structure of solutions to (PF). It is not sufficient, however, to ensure
that all marginal tax rates are non–negative.

It is also necessary to say something about the distribution of families in order to
classify more succinctly the optimal taxation mechanisms. Employing Assumption 1 is
much more straightforward when all of the redistributions it declares to be desirable are
production–feasible. This condition is guaranteed by the following assumption about the
distribution of families.

Assumption 2 (Uniform Distribution). πLL = πHL = πHH = πLH .

Unlike the situation that obtains in the models of Dana (1993) and Armstrong and
Rochet (1999), Assumption 2 does not rule out asymmetric solutions in this model.
Asymmetries may arise due to the form of the planner’s objectives or due to the asym-
metry of the family decision process.

The remainder of this section is devoted to cataloging the qualitative features of
possible optimal configurations. In order to compare the current results with others in
the literature, it is necessary at times to impose additional structure on family objectives.
The following assumption will sometimes be cited.

Assumption 3 (Quasi–linearity). V (x) = x.

Assumption 3 is consistent with the model of family decision making only if U(x) =
x.10 This specification can lead to one member of the family consuming everything.
Assumption 3 may be more palatable in other screening contexts. The main reason for
its use in this study is to compare the more general results obtained without it to the
optimal mechanisms that arise when it is satisfied. In this way, the full force of this
common assumption can be ascertained.

One more piece of notation is required.

Definition 5. The set C is defined by saying that an ordered pair of indices (i, j) is an
element of C if and only if the i–j self–selection constraint binds at the solution to (PF).

5.1. The usual cases

As emphasized by Dana (1993), Rochet (1995), and Armstrong and Rochet (1999), much
of the analytical difficulty in multi–dimensional screening problems arises from the pos-
sibility of binding diagonal or transverse constraints. In this subsection, patterns of

10Strictly speaking, Assumption 3 is inconsistent with the boundary condition required
on preferences required to guarantee that, for any allocation satisfying (SS), the planner
can construct an equivalent tax schedule. However, the boundary condition considered
earlier is not required for this equivalence to hold. It suffices that, at the optimum, no
family strictly prefer the origin to the bundle designed for it.
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binding constraints that can occur when diagonal constraints are assumed not to bind
are presented. There is a surprisingly large number of configurations that are compatible
with Assumption 1. The main qualitative implications of Assumption 1 are given by the
next proposition.

Proposition 14.

(i) Let Assumptions 1 and 2 hold and let (HH,LL) /∈ C. Then
{(HH,HL), (LH, LL)} ⊆ C or {(HH,LH), (HL,LL)} ⊆ C.

(ii) Let Assumptions 1, 2 and 3 hold and let (HH,LL) /∈ C. Then
{(HH,HL), (HL,LL), (LH, LL)} ⊆ C or {(HH,LH), (LH, LL), (HL,LL)} ⊆ C.
Moreover, (LL, HH) /∈ C.

The implication of Proposition 14 for tax rates is that either all low–productivity in-
dividuals occupying position 1 in a family or all low–productivity individuals in position
2 in a family face a strictly positive marginal tax rate.11 (See Proposition 7.) Assump-
tion 1 implies that family HH is attracted to some other family, say family HL. Then
individual 2 of family HL has its labor supply distorted downward. Also by Assumption
1, family LL must attract some other family. If family HL is attracted to family LL
(while family HL attracts family HH), satisfying the HH–LL self–selection constraint re-
quires that yHL

2 ≥ yLL
2 .12 Then, individual 2 of family LL must also have its labor supply

distorted downward. Part (ii) of Proposition 14 shows the force of Assumption 3. When
Assumption 3 is maintained, both members of family LL face a strictly positive marginal
tax rate at the optimum. This result is consistent with the findings of Armstrong and
Rochet (1999), in that each of the possible configurations of optimally binding constraints
in their relaxed problem satisfies the set inclusions in part (ii) of Proposition 14.

Quasi–linearity rules out the possibility that, for example, the HH–LH and HL–LL
constraints are simultaneously slack at an optimum. In light of the part (i) of Proposition
14, the maintained hypothesis of a slack HH–LL constraint implies HH–HL constraint is
binding. Under quasi-linearity, a simultaneous transfer of a small and equal amounts of
consumption from HH to LH and from HL to LL has no effect on the HH–HL constraint,
and, by Assumption 1, is welfare–improving. It is shown in the Appendix that this
transfer does not lead to a violation any other self–selection constraints. The quasi–
linearity assumption is used again to show that the HL–LH constraint could not have
been binding. This is crucial to the argument, for otherwise the posited redistribution
would violate this very constraint. Thus, at least one of the HH-LH or HL-LL constraints
must bind. Moreover, it cannot be the HH-LH constraint alone, for then it is possible to
engineer a feasible transfer from HL to LL.

11For the remainder of the discussion, it is assumed that all binding constraints bind
with positive shadow values. A proof of this assertion requires a slight strengthening of
Assumption 1 to state that the social gains from a downward transfer of after–tax income
are of the first order. Guesnerie and Seade (1982, p.174) provide the argument.

12This assertion is proven in the Appendix.
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Proposition 14 is silent about the pattern of binding constraints when family LL at-
tracts family HH. However, Proposition 10 ensures that family LL cannot be attracted
to family HH when the HH–LL self–selection constraint binds. Then, part (ii) of Propo-
sition 14 permits the conclusion that the LL–HH self–selection constraint can never bind
under Assumptions 1, 2, and 3. Notice, however, that the combination of Assumptions
1 and 3 is not strong enough to rule out a binding LL–HH constraint at the optimum.

Given Assumption 1, any redistribution of after–tax income to family LL from any
other family is socially desirable. A binding HH–LL self–selection constraint is an im-
pediment to this kind of redistribution. However, transfers to family LL can only slacken
the LL–HH self–selection constraint. Although it is possible for the LL–HH self–selection
constraint to bind at the optimum, the planner can, for a given pattern of other bind-
ing self–selection constraints, carry out the same downward redistributions regardless of
whether family HH attracts family LL or not. Hence, there is no interesting analogue to
Proposition 14 for the case of (LL, HH) /∈ C.

5.2. The unusual cases

Up to this point, little has been said about families who are not ordered by ≥F . It is
the presence of these families that makes the current model substantively different from
a one–dimensional model. The possibility of the LH–HL or HL–LH constraint binding
implies the possibility of negative marginal tax rates for high–productivity individuals in
families HL and LH. This is a major departure from the standard results of the literature
on nonlinear redistributive taxation. In this subsection, I show that Assumption 1 does
not provide sufficient structure to rule out such phenomena. It does, however, place some
restrictions on the pattern of marginal tax rates when a transverse constraint binds.

The next proposition shows that a negative marginal rate to person 1 in family HL
(resp. person 2 in family LH) arising from a binding transverse constraint must be
accompanied by a negative marginal tax rate for an individual 1 (resp. 2) in family HH.

Proposition 15. Let Assumptions 1 and 2 hold. Then

(i) (LH, HL) ∈ C implies {(HH,HL), (LH, LL), (LH, HH)} ⊆ C.

(ii) (HL,LH) ∈ C implies {(HH,LH), (HL,LL), (HL,HH)} ⊆ C.

Proposition 15 implies that when one of the transverse self–selection constraints binds,
the pattern of binding constraints for family HH is completely determined. For instance,
when the LH–HL self–selection constraint binds, family HH is attracted to family HL and
family LH is attracted to family HH. Because a transverse constraint binds, it follows
from Proposition 13 that neither family HH nor family LL is attracted to the other.
Notice, however, that the pattern remains undetermined for family LL. This asymmetry
is a direct result of Assumption 1 and the concomitant tendency for high–ability families
to be tempted to under–report their productivity at the optimum. This indeterminacy
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vanishes, however, when Assumption 3 is satisfied. This is the content of the next
proposition.

Proposition 16. Let Assumptions 1, 2, and 3 hold. Then

(i) (LH, HL) ∈ C implies C = {(HH,HL), (HL,LL), (LH, LL), (LH, HH), (LH, HL)}.

(ii) (HL,LH) ∈ C implies C = {(HH,LH), (HL,LL), (LH, LL), (HL,HH), (HL,LH)}.

It is interesting to compare Propositions 15 and 16 with the “singular” case of (Rochet,
1995, Proposition 3.4) and the results on binding diagonal constraints in Armstrong
and Rochet (1999, Proposition 3). The introduction of income effects leads to some
indeterminacy not found in the existing literature. Armstrong and Rochet find that only
the cases covered in Proposition 16 may arise. This is neither ruled out nor required
in the absence of Assumption 3. Proposition 16 extends the result of Armstrong and
Rochet beyond the case of additive objective functions, highlighting the importance of
quasi–linearity in deriving their characterization of binding incentive constraints.

The only possibility not considered thus far is that the HH–LL self–selection constraint
may bind. In previous work (Dana (1993), Armstrong and Rochet (1999, Case A)), this
case has arisen only in the so–called “separable” context, in which family i attracts family
j if and only if j >F i. In the present model, separability means that, at the optimum,
all low–productivity individuals receive the same before–tax income. Income effects once
again destroy the simplicity of the solution. However, the separable case can occur only
if the j–i self–selection constraint binds for all pairs of families with j >F i.

5.3. A summary

At first glance, Assumption 1 appears to provide only limited structure on the nature of
optimal tax mechanisms. While it is true that the situation is much more complex than is
usually found in the literature, some basic properties are common to all solutions. First,
as the next proposition shows, when high–ability individuals occupy the same position
in a household, the individual with a low–productivity partner works at least as hard as
the person with a high–productivity partner.

Proposition 17. Let Assumptions 1 and 2 hold. Then, at any solution to (PF), yHL
1 ≥

yHH
1 and yLH

2 ≥ yHH
2 .

In view of Proposition 17, any marginal wage subsidies offered to individuals in family
HH must not be large enough to induce them to work more than high–productivity
individuals in other types of families. Phrased in the language of screening models, the
solution fails to be attribute ordered. Moreover, it seems natural for this violation to
occur. We would expect part of the gain to having a high–productivity partner to be
consumed as leisure. A similar finding was reported by Schroyen (2003) for the case of
preferences that are quasi–linear in labor supply. Because it is possible to interpret the
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current model as a taxation scheme with joint filing, it is clear that the individual filing
assumption of Schroyen is not needed to generate this result.

Second, if a transverse constraint binds, Proposition 15 has implications for the opti-
mal use of marginal wage subsidies. Whenever family LL is attracted to no other family,
the use of wage subsidies for high–productivity individuals is concentrated on individuals
with high–productivity partners. When no family attracts family LL, high–productivity
individuals with low–productivity partners receive wage subsidies only if individuals in
the same position in a family with high–productivity partners also receive marginal sub-
sidies. Suppose, for the sake of concreteness, that family HL attracts family LH, so that
individual 1 in family HL faces a negative marginal tax rate. In the quasi–linear context
it is clear that this can happen only if marginal increases in the welfare of family HL are
weighted more heavily than marginal increases in the welfare of family LH at the opti-
mum. This desire to redistribute resources away from family LH conflicts with the need
to prevent family LH from masquerading as family HH. The only way to prevent this
occurring, it turns out, is to distort the labor supply of family HH upward. In this case,
it is precisely the desire to make transverse redistributions that upsets the standard non–
negative marginal tax rate result. Assumption 1 is silent about the desirability of such
redistributions. In the nonlinear pricing model studied by Armstrong and Rochet (1999),
negative correlation between demand types and suitable asymmetry of preferences are
required for binding transverse constraints. This suggests that transverse redistributions
might be desirable when family members have disproportionate influence in household
decisions.

Third, status in the household can exert an independent influence on optimal tax
policy. That is, two equally–productive individuals with equally–productive partners
can face different marginal tax rates on the basis of observed demographics that have
a known effect on household decisions. Once again, let family HL attract family LH.
It follows from Proposition 15 that the low–productivity individual in family HL faces
a positive marginal tax rate, while, because no family is attracted to family LH, the
low–productivity individual in family LH faces a zero marginal tax rate.

6. Conclusion

This study has presented a model of family income taxation based on the notion of multi–
dimensional screening. Viewing the problem in this way gives arguments for members
of the same family to face different marginal income tax rates, casting doubt on total
family income as appropriate income tax base. Both the productivity of the partner and
the relative position of a person in the household have some bearing on the marginal tax
rate faced by an individual.

It is interesting to reflect upon the possibility of negative marginal tax rates in this
model. It was noted in the discussion following Proposition 17 that, when Assumptions
1 and 2 hold, this important difference from standard one–dimensional tax models arises
when the planner has a reason to transfer consumption among families that differ in both
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characteristics. In the current model, the desirability of such redistributions depends on
the social welfare function. Asymmetries in the distribution of the population or a desire
to offset undesirable effects of family interactions may provide additional motivations for
such redistributions. When there is no reason to use differences along both dimensions
to identify families to whom it would be desirable to transfer consumption, there is no
reason (at least not in the quasi–linear context) to use marginal wage subsidies.

The biggest obstacle to a more specific characterization of optimal solutions is the
income effects embodied in family objectives. It seems unnatural to rule these out.
However, the analysis of this paper could be made more sharp in environments where
the quasi–linearity assumption is more palatable. For instance, the work of Besley and
Coate (1995) on work requirements in income maintenance programs could be extended
to cover the case where market work and required work are qualitatively different and
individuals may be more or less productive at one or the other.

Appendix

In this appendix I present the proofs of the propositions and lemmas contained in this
paper. First, I introduce some notation that will be used throughout. Relabel the
families so that the symbols A, B, C and D correspond to families LL, HL, HH and LH,
respectively. Also, let

Ψij := W i(xi, yi
1, y

i
2)−W i(xj, yj

1, y
j
2). (A.13)

Ψij measures the additional well–being family i enjoys at the allocation intended for it
over the well-being it would enjoy by pretending to be family j. Self–selection requires
Ψij ≥ 0 for all i and j.

Proof of Proposition 1:
The statement follows immediately from the way that x1 and x2 enter the constraint

of problem (P) and only the constraint. �

Proof of Proposition 2:
The first–order necessary conditions for the problem (P) are:

U ′(c1)− κ = 0,

γU ′(c2)− κ = 0,

x− c1 − c2 = 0,

(A.14)

where κ is the multiplier associated with the budget constraint. Differentiating the system
(A.14) yields

U ′′(c1)dc1 − dκ = 0,

γU ′′(c2)dc2 − dκ = 0,

dx− dc1 − dc2 = 0.

(A.15)
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Apply Cramer’s rule to the system (A.15) conclude

∂c1(x)

∂x
=

γU ′′(c2)

U ′′(c1) + γU ′′(c2)
;

∂c2(x)

∂x
=

U ′′(c1)

U ′′(c1) + γU ′′(c2)
.

(A.16)

Strict concavity of U(·) implies that in each line of (A.16) both numerator and denomi-
nator are negative. Thus, each expression in (A.16) is positive.

Increasingness of V (·) is established by the calculation:

V ′(x) = U ′(c̃1(x))c̃′1(x) + γU ′(c̃2(x))c̃′2(x) > 0. (A.17)

It follows from (A.17) that

V ′′(x) = U ′′(c̃1(x))[c̃′1(x)]2 + U ′(c̃1(x))c̃′′1(x) + γU ′′(c̃2(x))[c̃′2(x)]2 + γU ′(c̃2(x))c̃′′2(x).
(A.18)

By (A.14), we may group the second and fourth terms of (A.18) to yield

V ′′(x) = U ′′(c̃1(x))[c̃′1(x)]2 + γU ′′(c̃2(x))[c̃′2(x)]2 + U ′(c̃1(x))
[
c̃′′1(x) + c̃′′2(x)

]
. (A.19)

By (A.15), the part of the last term of (A.19) in square brackets is zero, so that

V ′′(x) = U ′′(c̃1(x))[c̃′1(x)]2 + γU ′′(c̃2(x))[c̃′2(x)]2 < 0, (A.20)

establishing the strict concavity of V (·). �

Lemma A.1. For all y, 1
wL

h′( y
wL

) > 1
wH

h′( y
wH

).

Proof of Lemma A.1:
wH > wL implies that for all y, y/wL > y/wH . It follows from strict convexity of h(·)

that h′
(

y
wL

)
> h′

(
y

wH

)
. Lemma 1 follows immediately. �

Lemma A.2. For any (ỹ, ŷ), ỹ ≥ ŷ if and only if

h
( ỹ

wL

)
− h

( ŷ

wL

)
≥ h

( ỹ

wH

)
− h

( ŷ

wH

)
. (A.21)

Proof of Lemma A.2
By the first fundamental theorem of calculus, (A.21) holds if and only if∫ ỹ

ŷ

1

wL

h′
( y

wL

)
dy ≥

∫ ỹ

ŷ

1

wH

h′
( y

wH

)
dy. (A.22)
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h(·) strictly increasing implies that the integrands on each side of (A.22) are positive.
Lemma A.1 implies that the integrand on the left–hand side of (A.22) is everywhere
greater than the integrand on the right–hand side. Thus, (A.22) holds if and only if
ỹ ≥ ŷ. �

Proof of Proposition 3:
The proof of statement (i) is presented. Statements (ii)–(iv) are proven analogously

to statement (i).
Let the C–D and D–C self–selection constraints be satisfied. Then

V (xC)− h
( yC

1

wH

)
− γh

( yC
2

wH

)
− V (xD) + h

( yD
1

wH

)
+ γh

( yD
2

wH

)
≥ 0, (A.23)

and

V (xD)− h
(yD

1

wL

)
− γh

( yD
2

wH

)
− V (xC) + h

( yC
1

wL

)
+ γh

( yC
2

wH

)
≥ 0. (A.24)

Adding (A.23) and (A.24) yields

h
( yC

1

wL

)
− h

(yD
1

wL

)
+ h

( yD
1

wH

)
− h

( yC
1

wH

)
≥ 0. (A.25)

Apply Lemma A.2 to conclude that yC
1 ≥ yD

1 .
Now let yC

2 > yD
2 . Because yC

1 ≥ yD
1 , (A.23) implies V (xC) > V (xD). But V (·) is

increasing, so xC > xD.
Suppose, instead, that yC

2 = yD
2 . Then yC

1 > yD
1 and (A.23) imply V (xC) > V (xD),

and, hence, xC > xD. On the other hand, yC
1 = yD

1 , (A.23) and (A.24) imply V (xC) =
V (xD). Then xC = xD. �

Proof of Proposition 4:
The proof of statements (i) and (iii) are presented. Statement (ii) can be proved in

an analogous manner to statement (i); statement (iv), to that of statement (iii).
Let the C–A and A–C self-selection constraints be satisfied. Then

V (xC)− h
( yC

1

wH

)
− γh

( yC
2

wH

)
− V (xA) + h

( yA
1

wH

)
+ γh

( yA
2

wH

)
≥ 0, (A.26)

and

V (xA)− h
( yA

1

wL

)
− γh

( yA
2

wL

)
− V (xC) + h

( yC
1

wL

)
+ γh

( yC
2

wL

)
≥ 0. (A.27)

Adding (A.26) and (A.27) yields[
h

( yC
1

wL

)
− h

( yA
1

wL

)
+ h

( yA
1

wH

)
− h

( yC
1

wH

)]
+ γ

[
h

( yC
2

wL

)
− h

( yA
2

wL

)
+ h

( yA
2

wH

)
− h

( yC
2

wH

)]
≥ 0.

(A.28)
Now let yC

1 < yA
1 . Apply Lemma A.2 to conclude that the first term in square brackets

in (A.28) is negative. Hence, the second term is positive. Apply Lemma A.2 once more
to conclude yC

2 > yA
2 .
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Suppose yC
1 = yA

1 . Then, by (A.28) and Lemma A.2, yC
2 ≥ yA

2 . If yC
2 = yA

2 then (A.26)
and (A.27) can both be satisfied only if V (xA) = V (xC). Given increasingness of V (·),
this implies xA = xC . If yC

2 > yA
2 then (A.26) can be satisfied only if V (xC) > V (xA);

that is, when xC > xA. The final sentence of (i) follows directly from (A.26).
Let the B–D and D–B self-selection constraints be satisfied. Then

V (xB)− h
( yB

1

wH

)
− γh

( yB
2

wL

)
− V (xD) + h

( yD
1

wH

)
+ γh

(yD
2

wL

)
≥ 0, (A.29)

and

V (xD)− h
(yD

1

wL

)
− γh

( yD
2

wH

)
− V (xB) + h

( yB
1

wL

)
+ γh

( yB
2

wH

)
≥ 0. (A.30)

Adding (A.29) and (A.30) yields[
h

( yB
1

wL

)
− h

(yD
1

wL

)
+ h

( yD
1

wH

)
− h

( yB
1

wH

)]
+ γ

[
h

(yD
2

wL

)
− h

( yB
2

wL

)
+ h

( yB
2

wH

)
− h

( yD
2

wH

)]
≥ 0.

(A.31)
Now let yB

1 < yD
1 . By Lemma A.2, the first term in square brackets in (A.31) is negative.

Then, the second term must be positive. Apply Lemma A.2 to conclude that yD
2 > yB

2 .
Furthermore, by (A.30), V (xD) > V (xB). Hence, xD > xB.

Suppose yB
1 = yD

1 . Then, by Lemma A.2 and (A.31), yD
2 ≥ yB

2 . If yD
2 > yB

2 , then
(A.30) can be satisfied only if xD > xB. If yD

2 = yB
2 , then (A.29) and (A.30) imply

xD = xB. �

Now, let µij denote the Lagrange multiplier associated with the i–j self–selection
constraint, and let λ denote the Lagrange multiplier associated with the constraint (F).
The first order necessary conditions for a solution to (PF) can be written as:[

ZW i +
∑
j 6=i

(µij − µji)
]
V ′(xi) = λπi, ∀i; (A.32)

[
ZW i +

∑
j 6=i

µij

]
1

wi
1

h′(
yi

1

wi
1

)−
∑
j 6=i

µji
1

wj
1

h′(
yi

1

wj
1

) = λπi, ∀i; (A.33)

[
ZW i +

∑
j 6=i

µij

]
γ

wi
2

h′(
yi

2

wi
2

)−
∑
j 6=i

µji
γ

wj
2

h′(
yi

2

wj
2

) = λπi, ∀i (A.34)

Proof of Proposition 5:
Consider the first order necessary conditions for a solution to (PF). Suppose λ = 0.

Then, the first–order necessary condition associated with yA
2 becomes[

ZW A + µAB + µAC + µAD − µBA

]
γ

wL

h′
( yA

2

wL

)
−

[
µCA + µDA

]
γ

wH

h′
( yA

2

wH

)
= 0. (A.35)

Suppose that µCA + µDA > 0. It follows from Lemma A.1 that[
ZW A + µAB + µAC + µAD − µBA − µCA − µDA

]
γ

wL

h′
( yA

2

wL

)
< 0. (A.36)
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Because h(·) is increasing,

ZW A + µAB + µAC + µAD − µBA − µCA − µDA < 0. (A.37)

However, the first–order condition associated with xA is[
ZW A + µAB + µAC + µAD − µBA − µCA − µDA

]
V ′(xA) = 0. (A.38)

Hence, V ′(xA) = 0, a contradiction. Thus, µCA + µDA = 0.
A similar argument, using the first–order necessary condition associated with yA

1 ,
establishes that µCA + µBA = 0. Because all the multipliers are non–negative, µCA =
µDA = µBA = 0. Then (A.38) becomes[

ZW A + µAB + µAC + µAD

]
V ′(xA) = 0. (A.39)

But ZW A + µAB + µAC + µAD > 0, since Z(·) is increasing. Thus, V ′(xA) = 0, a
contradiction. �

Proof of Proposition 6:
The argument given here is essentially due to Brito et al. (1990), except that they

analyze a “dual” problem to which any solution to (PF) must also be a solution. The
proof below makes reference to (PF) alone.

Suppose, contrary to the statement of the proposition, that at a solution to (PF)
there exists families i and j such that W i(xi, yi

1, y
i
2) = W i(xj, yj

1, y
j
2) and

yi
1 + yi

2 − xi < yj
1 + yj

2 − xj. (A.40)

Now construct a new allocation identical to the original solution, except replace the
allocation of family i by that of family j (leaving family j with its original allocation).
Clearly, Ψij = Ψji = 0 at the new allocation. Furthermore, because Ψkj ≥ 0 for all
k 6= i, j at the old allocation, Ψki ≥ 0 for all k 6= i, j in the new allocation. In addition,
Ψik ≥ 0 for all k 6= i, j at the new allocation because in the original allocation family i
was indifferent between its own allocation and that of family j and weakly preferred its
own bundle to that of other families. Thus, the new allocation satisfies all self–selection
constraints, makes no family worse off than in the original allocation and, by (A.40),
slackens the feasibility constraint. Hence, the original allocation could not have been a
solution to (PF). �

Proof of Proposition 7:
The proof of statement (i) is presented. The proof of statement (ii) is almost identical.
Pick a family i with wi

1 = wL. Let J be the set of indices not equal to i. Partition
J into Ĵ := {j ∈ J : wj

1 = wH} and J̃ := {j ∈ J : wj
1 = wL}. The first–order necessary

conditions for a solution to (PF) include[
ZW i +

∑
j∈J

µij −
∑
j∈J̃

µji

]
1

wL

h′
( yi

1

wL

)
−

∑
j∈Ĵ

µji
1

wH

h′
( yi

1

wH

)
= λπi, (A.41)
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and [
ZW i +

∑
j∈J

(µij − µji)
]
V ′(xi) = λπi. (A.42)

If we replace each term in the sum over Ĵ in (A.41) by µji

(
h′

(
yi
1

wL

)
/wL

)
, then we may

use Lemma A.1 to conclude[
ZW i +

∑
j∈J

(µij − µji)
]

1

wL

h′
( yi

1

wL

)
≤ λπi, (A.43)

with (A.43) holding with equality if and only if µji = 0 for all j ∈ Ĵ . By Proposition 5,
λ is positive. Hence we may divide (A.43) by (A.42) to yield

h′(
yi
1

wL
)

wLV ′(xi)
≤ 1, (A.44)

with (A.44) holding with equality if and only if µji = 0 for all j ∈ Ĵ . �

Proof of Proposition 8:
Suppose, by way of contradiction, that there exist two families i and j of different type

that receive the same allocation, (x̄, ȳ1, ȳ2), at a solution to (PF). There exist k ∈ {1, 2}
such that wi

k = wH and wj
k = wL. Then MRSj

yk,x(x̄, ȳ1, ȳ2) > MRSi
yk,x(x̄, ȳ1, ȳ2). That

is, person k in family j faces a lower marginal tax rate than person k in family i. But, by
Proposition 7, the former faces a non–negative marginal tax rate while the latter faces a
non–positive marginal tax rate. A contradiction ensues. �

Proof of Proposition 9
The result is proven for the pair of families (C,D) and for the pair of families (B,D).

The proofs for the pairs (A,B), (A,D) and (C,B) are analogous to the demonstration for
the pair (C,D).

Let the C–D and D–C constraints bind simultaneously. Then (A.23), (A.24), and
(A.25) all hold with equality. By Lemma A.2, yC

1 = yD
1 . Thus, (A.24) reduces to

V (xD)− γh
( yD

2

wH

)
− V (xC) + γh

( yC
2

wH

)
= 0. (A.45)

By definition,

ΨAD = V (xA)− h
( yA

1

wL

)
− γh

( yA
2

wL

)
− V (xD) + h

(yD
1

wL

)
+ γh

(yD
2

wL

)
= V (xA)− h

( yA
1

wL

)
− γh

( yA
2

wL

)
− V (xD) + h

( yC
1

wL

)
+ γh

(yD
2

wL

)
.

(A.46)
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Adding (A.45) and (A.46) yields

ΨAD = V (xA)− h
( yA

1

wL

)
− γh

( yA
2

wL

)
− V (xC) + h

( yC
1

wL

)
+ γh

( yC
2

wL

)
+ γ

[
h

(yD
2

wL

)
− h

( yC
2

wL

)
+ h

( yC
2

wH

)
− h

( yD
2

wH

)]
= ΨAC + γ

[
h

(yD
2

wL

)
− h

( yC
2

wL

)
+ h

( yC
2

wH

)
− h

( yD
2

wH

)]
.

(A.47)

Analogous calculations can be used to show

ΨBD = ΨBC + γ
[
h

(yD
2

wL

)
− h

( yC
2

wL

)
+ h

( yC
2

wH

)
− h

( yD
2

wH

)]
. (A.48)

Suppose that yD
2 > yC

2 . Then Lemma A.2, (A.47), and (A.48) imply that both the
A–D and B–D constraints are slack. Applying Proposition 7 yields that MRSD

y2,x = 1
and MRSC

y2,x ≥ 1. However, (A.45) implies xD > xC , so that MRSD
y2,x > MRSC

y2,x,
a contradiction. The case of yC

2 > yD
2 is ruled out by a symmetric argument. Thus,

yC
2 = yD

2 . In order for (A.45) to hold, it must be the case that families C and D receive
the same bundle.

Suppose that the D–B and B–D constraints both bind. Then

V (xD)− h
(yD

1

wL

)
− γh

( yD
2

wH

)
− V (xB) + h

( yB
1

wL

)
+ γh

( yB
2

wH

)
= 0, (A.49)

and

V (xB)− h
( yB

1

wH

)
− γh

( yB
2

wL

)
− V (xD) + h

( yD
1

wH

)
+ γh

(yD
2

wL

)
= 0. (A.50)

Adding (A.49) and (A.50) gives

h
( yB

1

wL

)
−h

(yD
1

wL

)
+h

( yD
1

wH

)
−h

( yB
1

wH

)
= γ

[
h

( yB
2

wL

)
−h

(yD
2

wL

)
+h

( yD
2

wH

)
−h

( yB
2

wH

)]
. (A.51)

It follows from Lemma A.2 that yB
1 ≥ yD

1 if and only if yB
2 ≥ yD

2 .
Assume that yB

1 > yD
1 . Then yB

2 > yD
2 , so self–selection requires xB > xD. Further-

more, yB
2 /wL > yD

2 /wH . Thus, MRSB
y2,x > MRSD

y2,x. However, Proposition 7 implies
that at a solution to (PF), MRSB

y2,x ≤ 1 and MRSD
y2,x ≥ 1. A contradiction ensues.

The case of yD
1 > yB

1 can be ruled out by similar arguments, involving MRSB
y1,x and

MRSD
y1,x. Hence, yB

1 = yD
1 and yB

2 = yD
2 . Self–selection requires xB = xD, so that families

B and D receive the same bundle. �

Proof of Proposition 10:
For all pairs of families except the pair (C, A) the proposition follows directly from

Propositions 8 and 9. Suppose that families C and A are mutually attracted at a solution
to (PF). Then, by Proposition 6,

yA
1 + yA

2 − xA = yC
1 + yC

2 − xC . (A.52)
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Now construct a new allocation by giving family A the allocation of family C, leaving
the bundles received by all other families unchanged. By the argument outlined in the
proof of Proposition 6, this new allocation satisfies all of the self–selection constraints.
(A.52) ensures that the new allocation is production–feasible. Moreover, all families are
indifferent between the new allocation and the original. Because the original allocation
solves (PF), the new one does as well. That is, there is a solution to (PF) at which
families A and C receive the same allocation, contradicting Proposition 10. �

Proof of Proposition 11:
Suppose, by way of contradiction, that there is a self–selection cycle at a solution to

(PF). In view of Proposition 6, all families in the cycle have the same total tax liability.
Now select a pair of families, (i, j), from the cycle for which family j attracts family i.
Then, we may replace the bundle of family i by the bundle of family j without making
any family worse off and without violating the materials balance constraint. This results
in a solution to (PF) in which families i and j are pooled, contradicting Proposition 8.
�

Proof of Proposition 12:
Suppose that relation (12) of the text holds for family i. If no families are attracted

to family i, then the result follows immediately from Proposition 7. By Proposition 6,
any families attracted to family i must pay the same total tax bill as family i. Let family
j be such a family. Replicating the argument of Proposition 10 allows one to conclude
that replacing the allocation of family i by that of family j results in another solution to
(PF) that features pooling. This contradicts Proposition 8. �

The remaining proofs use the following Lemmas, which outline monotonicity prop-
erties of allocations in which self–selection constraints relating households that differ in
both dimensions bind.

Lemma A.3. Let (SS) hold.

(i) If, in addition, the HH–LL self–selection constraint holds with equality, then yLH
1 ≤

yLL
1 (with equality only if the HH–LH and LH–LL self–selection constraints also

hold with equality) and yHL
2 ≤ yLL

2 (with equality only if the HH–HL and HL–LL
self–selection constraints also hold with equality).

(ii) If, in addition, the LL–HH self–selection constraint holds with equality, then yHH
1 ≤

yHL
1 (with equality only if the LL–HL and HL–HH self–selection constraints also

hold with equality) and yHH
2 ≤ yLH

2 (with equality only if the LL–LH and LH–HH
self–selection constraints also hold with equality).

Proof of Lemma A.3:
The proof of statement (i) is presented. (ii) can be proved in analogous fashion.
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Notice that

ΨCA −ΨCD −ΨDA =− V (xA) + h
( yA

1

wH

)
+ γh

( yA
2

wH

)
+ V (xD)− h

( yD
1

wH

)
− γh

( yD
2

wH

)
− V (xD) + h

(yD
1

wL

)
+ γh

( yD
2

wH

)
+ V (xA)− h

( yA
1

wL

)
− γh

( yA
2

wH

)
.

(A.53)

From (A.53) it follows that

ΨCA −ΨCD −ΨDA = h
(yD

1

wL

)
− h

( yA
1

wL

)
+ h

( yA
1

wH

)
− h

( yD
1

wH

)
. (A.54)

Let the C–A self–selection constraint bind. Then ΨCA = 0, so that the left–hand side of
(A.54) must be non–positive when (SS) holds. Apply Lemma A.2 to the right–hand side
of (A.54) to conclude that yD

1 ≤ yA
1 , with yD

1 = yA
1 only if ΨCD = ΨDA = 0.

The argument establishing yB
2 ≤ yA

2 is analogous. �

Lemma A.4. Let (SS) hold.

(i) If, in addition, the LH–HL self–selection constraint holds with equality, then yHL
1 ≤

yHH
1 (with equality only if the LH–HH and HH–HL self–selection constraints also

hold with equality) and yLL
2 ≤ yHL

2 (with equality only if the LH–LL and LL–HL
self–selection constraints also hold with equality).

(ii) If, in addition, the HL–LH self–selection constraint holds with equality, then yLL
1 ≤

yHL
1 (with equality only if the HL–LL and LL–LH self–selection constraints also

hold with equality) and yLH
2 ≤ yHH

2 (with equality only if the HL–HH and HH–LH
self–selection constraints also hold with equality).

Proof of Lemma A.4:
The proof of (i) is presented. Statement (ii) has a similar proof
It can be shown that

ΨDB −ΨDC −ΨCB = h
( yB

1

wL

)
− h

( yC
1

wL

)
+ h

( yC
1

wH

)
− h

( yB
1

wH

)
. (A.55)

Now let the D–B self–selection constraint bind, so ΨDB = 0. By (SS), ΨDC ≥ 0 and
ΨCB ≥ 0. Thus, the left–hand side of (A.55) is non–positive. Apply Lemma A.2 to
conclude that yC

1 ≥ yB
1 , with equality only if ΨDC = ΨCB = 0.

The argument establishing yB
2 ≥ yA

2 is analogous. �

Proof of Proposition 13:
I show that the C–A and D–B self–selection constraints cannot bind simultaneously.

All other cases have identical proofs.

27



Suppose, by way of contradiction, that the C–A and D–B self–selection constraints
both bind at a solution to (PF). By Lemma A.3, yB

2 ≤ yA
2 . But, by Lemma A.4, yA

2 ≤ yB
2 .

Hence, yB
2 = yA

2 . Now apply Lemmas A.3 and A.4 once more to conclude that the B–A
and A–B self–selection constraints must both bind. This contradicts Proposition 10. �

Proof of Proposition 14:
The proof employs the following claim:

Claim 1: If (C, A) /∈ C and if {(C, B), (B, A)} ⊆ C, then (D, A) ∈ C.

Suppose, by way of contradiction, that the D–A constraint is slack. It can be shown
that

ΨCA −ΨCB −ΨBA = γ
[
h

( yB
2

wL

)
− h

( yA
2

wL

)
− h

( yB
2

wH

)
+ h

( yA
2

wH

)]
. (A.56)

Now, by the hypothesis of the claim, ΨCB = ΨBA = 0. Thus, by Lemma A.2, the C–A
self–selection constraint can be satisfied only if yB

2 ≥ yA
2 . By Proposition 3, yB

1 ≥ yA
1 .

Then self–selection requires that xB ≥ xA. Hence, MRSA
y2,x ≤ MRSB

y2,x. Moreover,
xB > xA if either yB

1 > yA
1 or yB

2 > yA
2 . When xB > xA, MRSA

y2,x < MRSB
y2,x (because

yB
2 ≥ yA

2 ). Hence, if MRSA
y2,x = MRSB

y2,x, then yB
1 = yA

1 and yB
2 = yA

2 . But then self–
selection implies xB = xA, violating the no–pooling condition. Consequently, MRSA

y2,x <
MRSB

y2,x. Because the C–A constraint is slack, Proposition 7 implies MRSA
y2,x = 1. But,

by Proposition 7, MRSB
y2,x ≤ 1 at a solution to (PF), a contradiction. Hence, the D–A

self–selection constraint must bind. This establishes the claim.
Suppose that Assumptions 1 and 2 hold. Consider a pair of families (i, j) with i >F

j. By Assumption 1, a sufficiently small transfer of x from family i to family j is
socially desirable and does not lead to a violation of the materials balance constraint
(by Assumption 2). Moreover, such a redistribution will not lead to a violation of the
constraints (SS) as long as, at the before–transfer allocation, the “donor” family is not
attracted to any other family and the “recipient” family attracts no other family.

Now, let the C–A constraint be slack. Suppose that the C–D constraint is slack as
well. I will show that the C–B constraint must bind. Suppose otherwise. Then a small
redistribution of x from family C to family B would not violate the materials balance
constraint (by Assumption 2) and would be socially desirable (by Assumption 1). Because
family C is not attracted to any family at the original candidate solution, the posited
redistribution can be infeasible only if either the D–B constraint or the A–B constraint
binds at the candidate solution.
Case 1: D–B binds and A–B binds.

The D–A self selection constraint is slack, for otherwise there would be a cycle, con-
tradicting Proposition 11. By Proposition 10, the B–A self–selection constraint is slack.
Then a small redistribution from family C to family A is both feasible and desirable.
Thus, the original allocation is not a solution to (PF).
Case 2: D–B binds and A–B does not bind.

By Proposition 10, the B–D self–selection constraint is slack. Suppose the A–D con-
straint is slack as well. Because the C–D constraint is slack by assumption, a small redis-
tribution of x from family C to family D is feasible and socially desirable, contradicting the
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optimality of the original allocation. Now suppose the A–D constraint binds. Then the
B–A constraint must not bind, for otherwise there is a cycle ( {(D, B), (B, A), (A, D)}).
By Proposition 10 the D–A constraint must be slack. Consequently, a small redistribu-
tion from family C to family A is feasible and socially desirable. Hence, the candidate
solution is not optimal.
Case 3: D–B does not bind and A–B binds.

The B–A constraint does not bind (by Proposition 10). If the D–A constraint is
slack, a small redistribution of x from family C to family A is both feasible and so-
cially desirable. If, instead, the D–A constraint is binding, then Proposition 10 ensures
that the A–D constraint is slack. Now, a binding B–D constraint produces the cycle
{(B, D), (D, A), (A, B)}. Hence, the B–D constraint is slack. Thus, a small redistribu-
tion from family C to family D is feasible and socially desirable, violating the optimality
of the original allocation.

Thus, it has been shown that the C–B constraint must bind whenever the C–A and
C–D constraints are both slack.

It is also the case that either the D–A constraint or the B–A constraint must bind
(possibly both). Otherwise a small redistribution of x from family C to family A would be
socially desirable (by Assumption 1), production–feasible (by Assumption 2) and will not
lead to a violation of the self–selection constraints (because the C–A constraint is slack).
If the D–A constraint binds, we have immediately that {(C, B), (D, A)} ⊆ C. Now,
suppose that the D–A constraint does not bind. Then the B–A constraint must bind.
Employ the claim to conclude that the D–A constraint must bind as well, a contradiction.

Now suppose that the C–D constraint is binding. Again, we must have either the
D–A or the B–A constraint (or both) binding. If the B–A constraint binds, we are done.
If the D–A constraint binds, an argument symmetric to the one establishing Claim 1
applies, and the proof of statement (i) is complete.

Now suppose that Assumptions 1, 2 and 3 hold and that the C–A and C–D constraints
do not bind. Then, by statement (i) of the proposition, the C–B and D–A constraints
must bind. Suppose that the B–A constraint does not bind. Then, by Assumption 3,
we can transfer sufficiently small and equal amounts of x from C to D and from B to
A without affecting the C–B or D–A constraints. By Assumption 2, this redistribution
does not affect the production constraint, and it is socially desirable (by Assumption 1).
There are now two cases to consider.
Case 1: B–D does not bind.

By Proposition 10 and the D–A constraint binding, the A–D constraint is slack. Thus,
no family is attracted to family D. Because family A attracts family D alone, the posited
redistribution does not violate (SS).
Case 2: B–D binds.

When ΨBD = 0, it can be shown that

ΨCD = ΨCB + γ
[
h

( yB
2

wL

)
− h

( yB
2

wH

)
+ h

( yD
2

wH

)
− h

(yD
2

wL

)]
. (A.57)
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Given that the C–B constraint binds, Lemma A.2 implies ΨCD ≥ 0 if and only if yB
2 ≥ yD

2 .
Because the C–D constraint is slack, yB

2 > yD
2 . From Assumption 3 it follows that

MRSB
y2,x > MRSD

y2,x, violating Proposition 7. Hence, this case cannot arise.
Now suppose the C–D constraint binds. We may replicate the argument in the last

paragraph of the proof of statement (i) to conclude that the B–A constraint must bind
as well. If, in addition, the C–B constraint binds, it follows from Claim 1 that the
D–A constraint is binding, establishing statement (ii). If the C–B constraint does not
bind, then an argument symmetric to the one used when it was assumed that the C–D
constraint is slack can be employed.

Now suppose that the A–C constraint binds. Then, if the C–D constraint binds,
{(C, D), (D, A), (A, C)} is a self–selection cycle. If the C–D constraint is slack, the C–B
constraint must bind. Hence, {(C, B), (B, A), (A, C)} is a self–selection cycle. Thus, in
both cases, Proposition 11 is violated. �

Proof of Proposition 15:
Only the proof of statement (i) is presented. Proposition 13 implies that we may

assume that the C–A and A–C self–selection constraints are slack throughout this proof.
Assume that the D–B constraint binds. Then ΨCB = ΨCB −ΨDB, or

ΨCB = V (xC)− h
( yC

1

wH

)
− γh

( yC
2

wH

)
− V (xB) + h

( yB
1

wH

)
+ γh

( yB
2

wH

)
+ V (xB)− h

( yB
1

wL

)
− γh

( yB
2

wH

)
− V (xD) + h

(yD
1

wL

)
+ γh

( yD
2

wH

)
.

(A.58)

Add and subtract h
(

yD
1

wH

)
to the left–hand side of (A.58) to conclude that

ΨCB = ΨCD + h
(yD

1

wL

)
− h

( yD
1

wH

)
+ h

( yB
1

wH

)
− h

( yB
1

wL

)
. (A.59)

Case 1: yD
1 > yB

1 .
Lemma A.2 and (A.59) imply that the C–B constraint must be slack, so, by Proposi-

tion 14, the C–D and B–A constraints bind. It follows from Proposition 10 that the D–C
and A–B constraints are slack. Thus, by Proposition 7, MRSC

y1,x = 1 and MRSB
y1,x ≥ 1.

However, by Proposition 3, yC
1 ≥ yD

1 , so that yC
1 > yB

1 . Apply the MRS conditions to
conclude that xB > xC . But, by Proposition 3, yC

2 ≥ yB
2 . Then the C–B constraint must

be violated, a contradiction.
Case 2: yD

1 = yB
1 .

Then, by Lemma A.2, (A.59), and Proposition 14, both the C–D and C–B constraints
bind. Thus, MRSC

y1,x = 1 and MRSB
y1,x ≥ 1. From this, we may replicate the argument

of Case 1 to deduce a contradiction.
Case 3: yB

1 > yD
1 .

Then, by Lemma A.2 and (A.59), the C–D constraint is slack. Thus, by Proposition
14, both the C–B and D–A constraints bind. Now, it must be the case that ΨDC =
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ΨDC −ΨDB + ΨCB, or

ΨDC = h
( yC

1

wL

)
− h

( yB
1

wL

)
+ h

( yB
1

wH

)
− h

( yC
1

wH

)
. (A.60)

Hence, the D–C constraint is satisfied only if yC
1 ≥ yB

1 . Suppose yC
1 > yB

1 . By Propo-
sition 3, yC

2 ≥ yB
2 . Hence, the C–B constraint can be satisfied only if xC > xB. Thus,

MRSC
y1,x > MRSB

y1,x ≥ 1, where the second inequality follows from Proposition 7 and
D–B binding. Because the A–C constraint is slack, we may apply Proposition 7 to con-
clude that the D–C constraint must bind. So that, by (A.60), yC

1 = yB
1 , contradicting

yC
1 = yB

1 . Thus, we may conclude that yC
1 = yB

1 and, in view of (A.60), that the D–C
constraint binds.

The result follows from Case 3 being the only possibility that is not contradictory. �

Proof of Proposition 16:
In view of Proposition 13, this proposition follows immediately from Propositions 14

and 15. �

Proof of Proposition 17:
I give the proof of the first inequality. The second is proven in a symmetric fashion.
I first show that if MRSB

y1,x ≥ MRSC
y1,x at a solution to (PF), then yB

1 ≥ yC
1 . Suppose,

to the contrary, that MRSB
y1,x ≥ MRSC

y1,x and yB
1 < yC

1 . Then, xB > xC . But, by
Proposition 3, yC

2 ≥ yB
2 . Thus, the C–B constraint is violated.

Now suppose MRSB
y1,x < MRSC

y1,x. (Otherwise, we are done.) By Proposition 7,
MRSB

y1,x ≥ 1. Thus, MRSC
y1,x > 1. Hence, by Proposition 7, it must be the case that

either the A–C constraint binds or the D–C constraint binds (or both). But, by Lemma
A.3, when the A–C constraint binds, yB

1 ≥ yC
1 .

It remains to consider the case of D–C binding. Two possibilities need to be consid-
ered.
Case 1: C–A does not bind.

By Proposition 10, the C–D constraint is slack. In view of Proposition 14, this implies
that the C–B constraint binds. By the argument used to establish (A.60), we know that

ΨDC −ΨDB + ΨCB = h
( yC

1

wL

)
− h

( yB
1

wL

)
+ h

( yB
1

wH

)
− h

( yC
1

wH

)
. (A.61)

Because the C–B and D–C constraints bind, (A.61) and Lemma A.2 imply that ΨDB ≥ 0
if and only if yB

1 ≥ yC
1 .

Case 2: C–A binds.
It can be shown that

ΨCA + ΨDC = ΨDA + h
( yC

1

wL

)
− h

( yA
1

wL

)
+ h

( yA
1

wH

)
− h

( yC
1

wH

)
. (A.62)

Because both the C–A and D–C constraints are assumed to bind, the left–hand side of
(A.62) is zero. Apply Lemma A.2 and (A.62) to conclude that ΨDA ≥ 0 if and only if
yA

1 ≥ yC
1 . However, by Proposition 3, yB

1 ≥ yA
1 . Thus, yB

1 ≥ yC
1 . �
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