SOLUTIONS TO CHAPTER 2 EXERCISES IN “HOPF ALGEBRAS”
BY M.E. SWEEDLER

71 SHENG FENG AND PAMELA SARGENT

ABSTRACT. This is a solution set for all the exercises in the second chapter of “Hopf Algebras” by M.E.
Sweedler, W.A. Benjamin (1969).

PRELIMINARIES

The same conventions hold as in Chapter 1; k£ denotes a field of characteristic zero and all maps are k-
linear. In addition, if V' is a vector space, S a subset of V, then by S+ C V* we mean {v* € V* | v*(S) = 0},
and we note that S++ = S.

We will appeal to the following propositions and theorems from the text in some of the exercises.

Proposition 1.4.5. Let C be a coalgebra.
(a) If J C C is a right (left) coideal, then J* is a right (left) ideal in C*.
(b) If I is a right (left) ideal in C*, then I is a right (left) coideal in C.

Proposition 1.4.6. Let C be a coalgebra.

(a) If J C C is a coideal, then J* is a subalgebra of C*.
(b) If I is a subalgebra of C*, then I+ is a coideal in C.

Theorem 2.1.3(b). If C is a coalgebra, M a rational C*-module, then every cyclic submodule of M is finite
dimensional.

Theorem 2.2.1. (Fundamental Theorem of Coalgebras). Let C be a coalgebra, ¢ € C. The subcoalgebra
generated by c is finite dimensional.

Proposition A.5. Suppose U is a vector space with subspaces {V,}, V, W. Let {X,} be subspaces of U*.
Then

(a) N, Vi = (X, Vo)™ in U*.
(b) VE+ WL =WV nw)tin U~
(©) N Xt =(2,Xa)" inU.
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CHAPTER #2: COMODULE STRUCTURE THEORY

§2.0 Comodules.

Ezercise. (p.33)

Let M be a right C-comodule with comodule structure map w: M — M ® C, m — ) mo ® m. Show
Dom m0®m1®...®A(mi)®...®mn_1:Z mo@mi®...0m, foranyi=1,...,n— 1.

Proof: We inductively define w, 41 = w ® I™ )wn, so that we have

Zm0®m1®...®mn<2w ) @my® . ®mn—l>
m m

<Z mo@A(m) ®...® mn_l) (since (w®@ Nw = (I ® A)w)

Z mom ® ... A(m;) ® ... myu—1. (coassociativity of A)

§2.1 Rational modules.

Corollary 2.1.4. (p.43)
Every finitely generated rational module is finite dimensional.

Proof: Let C be a coalgebra, and let M be a finitely generated rational C*— module. Since M is finitely
generated, there exists a finite set A = {aq,4a2,...,a,} € M such that M = C*A, i.e. M = C*ay + C*az +

.+ C*a, = C*A, where a; € A. In particular, M is a finite sum of cyclic submodules C*a;, and by
Theorem 2.1.3(b) every cyclic submodule of a rational module is finite dimensional, hence M is also finite
dimensional. O

Let C be a coalgebra, and let A be a dense subalgebra of C*, i.e. A is a subalgebra of C* for which
0= At C C, where At = {c € C| f(c) =0 Vf € A}, or equivalently, if for some ¢ € C, f(c) = 0 for all
f € A, then ¢ = 0. Then there is an injection ¢: C — A*, ¢ — ( ,c) where (,c)(f) = (f,¢) = f(c). Let M
be an A-module and let p: M — Hom(A, M) be defined by p(m)(a) = a - m. There are injections

M® o = Mo A 2, Hom(A, M) where ¥(m ® a*)(a) = a*(a)m as usual,

and we say that M is a rational A-module if p(M) C M ® C. Thus M is a rational A-module if there exist
m; € M, ¢; € C, i=1,...,nsuch that a-m = )", ¢;(a)m, for all a € A.

Ezercise. (p.44)

Let M be a rational A-module. Then p, as defined above, makes M a right C-comodule and the induced
C* action on M extends the A-action. If N is any rational C* module, restricting scalars from C* to A gives
a rational A-module whose extension to C* is just N.

Proof:
Since p(M) C M ® C, for any m € M there are m; € M and ¢; € C such that p(m) = >, m; ® ¢;. Hence,

fora e ACC*
a-m=p(m)(a) = (Zml ® cZ') (a) = Zmi<a,ci>.

We have that

(pI) (Zm@@)zz Z(mi)j®cj ®ceMeCeC.

i J
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We will show that ), (Z] (m;); ® cj) ®c=Y,m; ®Ac(c). If we identify M @ C'® C with its image in
Hom(A ® A, M), it suffices to show that they both act on a ® b € A ® A in the same way. On the left-hand
side we have

Z(Z(mi)jébcj)@ci (a®b) = szl (a,cj) bcz>:Z(a~ml )b, ¢;) Za bclml

=a-(b-m)=(axb)-m

where x denotes the convolution product. Because A is a subalgebra of C*, for a,b € A, c € C, (a*b)(c) =
> alc1)b(cz), and so on the right-hand side we have

(Z m; @ Ac(%)) (@@b)= (> mi®ecn @cip | (a@b) =Y mila, cin) (b, cia)

1,C4 7,Cq

:Zmi<a*b,ci):(a*b)~m

Hence, (p@ I)p= (I ® Ac)p.
Also, since 14 = 1¢g« = €¢, for any m € M we have that

(I®ec)p(m) = (I ®ec) (Zml ® cl> = Zmiec(ci) ® 1 = eru(ec,a) ® 1

=€ec- MmOl =m® 1.

Hence, p makes M a right C'- comodule.

Let N be any rational C*- module so that p(N) C N ® C where p: N — Hom(C*,N) by p(n)(f)=f-n
for allm € N, f € C*. Then N is also an A-module since A C C* and it is clearly rational. If N is a
rational A-module (so that p(N) C N®C), then N is a C*-module by ¢*-n = . n;(c*, ¢;). If the rational
A-module structure on N was induced by a rational C*- module structure, then these C*- module structures

are the same.
O

§2.2 The Fundamental Theorem of Coalgebras.
Ezercise. (p.45)

Show that the intersection of left coideals (right coideals) of a coalgebra C' is again such.
Proof: Let {V,,} be a collection of left coideals. By 1.4.5(a) each V- is a left ideal, so I = Z VL is a sum of

left ideals, and so I must be a left ideal. By 1.4.5(b) I is a left coideal, but by A.5(a), I+ = (3 V;H)*
N V-t =N V., so the intersection of left coideals is a left coideal. Similarly, the intersection of right cmdeals
is a right coideal. O

Corollary 2.2.2. (p.47)

The subcoalgebra of C' generated by any finite set or finite dimensional subspace is again finite dimensional.

Proof: Let M be a subcoalgebra of C' generated by a finite set A of C, i.e. M is the smallest subcoalgebra
containing A. Then M is the sum of the subcoalgebras generated by each element of A (since the subcoal-
gebra generated by each element of A is the smallest subcoalgebra containing each element, so the sum of
these subcoalgebras would be the smallest subcoalgebra containing A). By the Fundamental Theorem of
Coalgebras, each subcoalgebra generated by an element in C'is finite dimensional, hence the sum of subcoal-
gebras generated by single elements is finite dimensional, and so M is finite dimensional. If M is instead
generated by a finite dimensional subspace, then since such a subspace must have a finite set as a basis, it
follows from the above argument that M is finite dimensional. O



